An algorithm to compute the six distances between particles of a planar Four-Body central configuration is presented according to the following schema. An orthocentric tetrahedron is computed as a function of given masses. Each mass is placed at the corresponding vertex of the tetrahedron. The center of mass (and orthocenter) of the tetrahedron is at the origin of coordinates. The tetrahedron is orientated in a particular position function of the masses: with one of the particles placed on axis 3. The tetrahedron is rotated by two angles (to be tuned variables) around the center of mass until a direction orthogonal to the plane of configuration coincides with axis 3. The four coordinates of the vertices of the tetrahedron along this direction are identified with the weighted directed areas of the central configuration. The central configuration corresponding to these weighted directed areas is computed giving rise to four masses and corresponding distances. The given masses are compared with the computed ones. The two angles of the rotation are tuned until the given masses coincide with the computed. The corresponding distances of this last computation determine the central configuration. The case with two equal masses also is considered.
Introduction
The coordinate system used in this paper has been presented in reference [1] . The algorithm to compute planar central configurations starting from the weighted areas was published with several applications in [2] .
To begin I make a review of the new four body coordinates that mimics an important portion of [1] , expanded at important points and reduced in several comments.
The masses of the four bodies m 1 , m 2 , m 3 and m 4 are positive, generally different, but the values could be repeated.
We transform from the inertial referential, to the frame of principal axes of inertia by means of a three dimensional rotation G parameterized by three independent coordinates.
In addition to this rotation three more coordinates are introduced, as scale factors R 1 , R 2 , R 3 , which are three directed distances closely related to the three principal inertia moments through 
With the first rotation and the change of scale the resulting fourbody configuration has a moment of inertia tensor with the three principal moments of inertia equal. The second rotation G ′ does not change this property.
The cartesian coordinates of the four particles, with the center of gravity at the origin, written in terms of the new coordinates are 
are the coordinates of the four vertices of a rigid orthocentric tetrahedron, with the center of mass at the origin of coordinates, namely: 
We introduce the following notation for the matrix
An equivalent condition in order to have three equal inertia moments for the rigid tetrahedron is expressed as
An orthocentric tetrahedron has the property that the perpendicular lines to the faces trough the four vertices intersect at the same point. Orthocentric tetrahedra were considered by Lagrange in 1773 [3] . Other old references on orthocentric tetrahedra are found in a paper by Court [4] , he calls them orthocentric and orthogonal to these tetrahedra. Placing the four masses at the corresponding vertices, the intersection point is actually the center of mass of the four masses, and the moment of inertia tensor of the four particles has the same principal value in any direction. Equation (7) imply that the inertia tensor of the rigid tetrahedron is proportional by a factor 2µ to the unit matrix.
To show these properties we consider for a while a fourth coordinate for the four vertex of the tetrahedron
where we use the notation m = m 1 + m 2 + m 3 + m 4 for the total mass of the system. Then using properties (5), (7) , and (8) we write them in terms of r = µ m in the form
Since the inverse matrix from the left is equal to the inverse from the right, this equation transforms into
(10) This matrix equation is equal to its transposed; therefore it just has ten independent equations. Four of them are
for the square of the distance from the orthocenter to the vertex j. The other six are
the internal product of two directed vertices is the same for the six different possible choices of the pair i, j. From these basic equations it is easy to show that the position vector of one vertex is orthogonal to the three vectors between two vertices of the oposite face (to the position vector of the vertex.)
In addition, the square of the distance between two vertices is given by
This last is the condition to have a moment of inertia tensor with the same three principal moments of inertia. The six edges of the tetrahedron should be equal (for an arbitrary µ) to the square root of the right-hand side of this equation. The volume of this tetrahedron is equal to 1/6 if µ is selected as above.
There are other remarkable geometrical properties of an orthocentric tetrahedron. The center of mass of each face is at the orthocenter where the three altitudes of the face intersect. This point is on the same straight line between the opposite vertex and the center of mass. In addition to the orthogonality of the three sets of two opposite edges of the tetrahedron, the two orthogonal edges are also orthogonal to the line joining the center of mass of the two edges.
There are important coordinate systems to fix the origin for measuring the G ′ rotation; from these I prefer to choose in this paper particle with mass m 1 along coordinate axis 3, the other three in a parallel plane to the coordinate plane of 1 and 2, which does not include the first particle; the particle with mass m 2 on an orthogonal coordinate plane that includes the first particle and the center of mass, and the other two particles on a line that is parallel to the coordinate axis 1 and perpendicular to the coordinate plane of the first two particles. Particle 1 has the coordinates
Particle 2 has the coordinates
Particle 3 has the coordinates
(17) Particle 4 has the coordinates
This rigid tetrahedron is the generalization of the rigid triangle of the Three-Body problem with the center of mass at the orthocenter discussed previously in [5] . The same triangle was used with different purposes by C. Simó [6] .
I assume for simplicity that the potential energy is given by the Newton potential (the gravitational constant is equal to 1)
although our results may be generalized for any potential with a given power law of the relative distances between particles r ij . It follows the relation between the inter-particle distance and the new coordinates. The relative position between particles i and j is
The square of this vector is not a function of the first rotation G, but just of the scale matrix and the second rotation matrix
where A is the symmetric matrix
The six distances are thus functions of six components of matrix A or equivalently, are functions of the six independent coordinates in the scales R i , and the rotation G ′ . We also compute the kinetic energy as a function of the new coordinates, which is given by
where ω = (ω 1 , ω 2 , ω 3 ) is the angular velocity vector of the first rotation G, and Ω = (Ω 1 , Ω 2 , Ω 3 ) is the corresponding angular velocity vector of the second rotation G ′ .
Equations of Motion
The equations of motion follow from the Lagrange equations derived from the Lagrangian T − V as presented in any standard text on Mechanics [7] , [8] . However, the three coordinates related to the first rotation produces Lagrange equations that imply, when the potential energy is a function only of the distances, conservation of the angular momentum vector in the inertial system
where L is the angular momentum in the principal moments of inertia frame
This conservation leads to three first order equations forming, for this four-body problem a generalization of the Euler equations (valid for the rotation of a rigid body), namely
The so called elimination of the nodes in the Three-Body problem [9] , has a similar representation in this coordinates for the Four-Body problem by means of the equation that equals the angular momentum vector in the principal moments of inertia frame to the rotation of a constant vector, which may be written in terms of two Euler angles
where ℓ is the magnitude of the conserved angular momentum. The Lagrangian equations of motion for the three scale coordinates are
and
(30) The three equations of motion for the three coordinates associated with the second rotation G ′ are written as an Euler equation similar to the one found for the first rotation, although the internal angular momentum is not conserved because of the presence of an internal torque
where K 1 , K 2 , K 3 are the components of the internal torque K which is expressed in terms of the derivatives of the potential energy with respect to the three independent coordinates q j in the rotation G ′ and the three vectors c j that appear in the expression of the angular velocity in terms of the same coordinates
where the vectors c j are generally functions of the coordinates q j . The internal torque is determined by the equations
There is one more constant of motion, namely the total energy
3 The plane problem
The case with the four particles in a constant plane is an important and old subject [10] . Our coordinates are now adapted to that case. The third components of the cartesian coordinates of the four particles are zero. The modification of our coordinates (4) for this case is given by two changes: the first one is a rotation by just one angle in the plane of motion; and the second, the scale associated with the third coordinate is set equal to zero, namely
(35) This equation simplifies to x 1 x 2 x 3 x 4 y 1 y 2 y 3 y 4 = cos ψ − sin ψ sin ψ cos ψ
in terms of six degrees of freedom.
We need three independent coordinates (for example three Euler angles) in G ′ for the two independent vectors in four dimensions expressed in the base of the three constant vectors a, b, and c, orthogonal to the mass vector.
In order to formulate in a mathematical language the conditions for a plane solution we use the equations introduced by Dziobek [10] , that have been promoted by many years by A. Albouy and coworkers (see [11] and references therein,) which consists in using the four directed areas of the triangles formed by the particles.
The four (double) directed areas are written in terms of the cartesian coordinates as
which are the four signed 3 × 3 minors formed from the matrix
From now on I will refer to these areas simply as the directed areas. The addition to the previous matrix of a row equal to any of its three rows produces a square matrix with determinant zero, that implies that the necessary and sufficient conditions to have a constant plane tetrahedron are
The two last equations are summarized by the zero vector condition
An expression for the three directed areas in terms of the previous coordinates follows
where C is a constant with units of area over mass. Equation (39) is satisfied from this expression of the directed areas, upon using that the four-vectors in matrix E are orthogonal to the mass vector. With the substitution of equations (36) and (42) in equations (40) one obtains an identity, independent of coordinates R 1 , R 2 , ψ, and of the rotation angles of G ′ . I denote here θ and φ the spherical coordinates determining this vector.
Given the four masses, the four directed areas of the four particles are functions of this unit vector direction only, up to a multiplicative constant C depending on the choice of physical units. Other form equivalent to the plane condition (41) is also published in reference [2] .
In the plane case the angular momentum has a constant direction orthogonal to the plane and of magnitude
The kinetic energy becomes
Now I substitute polar coordinates for the R 1 and R 2 coordinates
Writing the kinetic energy in terms of the angular momentum constant of motion instead of theψ velocity lead us to
(47) The energy conservation is thus expressed as
where V represents the potential energy.
Central configurations
The non collinear planar central configurations are characterized in our coordinates by constant values of the G ′ matrix and of the coordinate α associated to the constant value of the ratio R 1 /R 2 . For these cases the angular velocity vector Ω is the null vector, the angular velocitẏ α is also zero and the conservation equations of moment and energy, (44) and (48) respectively, become
Note that the potential function V becomes equal to a constant divided by coordinate R. These equations are identical to similar equations obtained for the Euler and Lagrange central configurations of the Three-Body problem [12] . They are formally the same as the equations for the conics in the Two-Body problem in terms of the radius R and the true anomaly ψ.
The constant values of the G ′ matrix and angle α referred to above are not arbitrary but they are determined by three independent quantities as discussed in what follows.
I begin with the approach by Dziobek [10] . The Four-Body central configurations are determined as critical points of the potential energy with a fixed total inertia moment. The planar solutions with zero volume but finite area are obtained taking in account that the variational equation is modified adding the restriction of planar motion. This condition is obtained by Dziobek [10] from the derivative of the Cayley-Menger determinant with respect to r 2 ij that he found to be proportional to the product of the directed areas S i S j .
It follows that the solution is given in terms of Lagrange's multipliers λ and σ r
where A j = S j /m j are weighted areas, quotient of the directed area divided by the corresponding mass. This equation was presented by Dziobek [10] . A proof was published by Moeckel [13] , and using a different approach to the same problem, deduced by Albouy [11] . A new proof of the equation was obtained in a different approach by Piña and Lonngi [2] . It follows from (42) that in a planar solution the weighted directed areas are expressed as
The weighted directed areas are up to a normalization factor equal to the third rotated coordinate of the rigid tetrahedra. In terms of vectors (15-18) and angles θ and φ this equation is expressed as
The explicit expressions choosing C = (m − m 1 )/µ are
(54) Since the lengths and masses are defined up to arbitrary units, we assume [2] , with no loss of generality, that the parameter σ equals unity r
This implies, according to [2] that the unit of distance always obeys the restriction
In the paper by Piña and Lonngi [2] the directed weighted areas are known as four given constants. The previous equation then gives the distances as functions of the unknown parameter λ. Through them, the areas of the four triangles become functions of λ, that should obey the necessary restrictions (39), (40), to verify that one has a planar solution. This restriction allows in many cases to determine the value of λ and hence the values of the six distances and the four masses. This is an implicit way to deduce planar central configurations with four masses.
In this paper we assume the four masses are known from the beginning, the four weighted areas are then determined by expressions (54) in terms of the two tuning variables θ and φ. Given particular values of these two angles, become determined the four constants A j , until a multiplicative factor, which in turn produces a computed central configuration with given distances and masses. These computed masses are not in general equal (or proportional) to the starting values used to compute the orthocentric tetrahedron. The two angles are then tuned until a numerical coincidence is produced between the given and the computed masses. The distances between particles, computed for this last central configuration, correspond to the given masses.
Choosing 
